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BOUNDING NON-RATIONALITY OF DIVISORS ON 3-FOLD
FANO FIBRATIONS
CAUCHER BIRKAR AND KONSTANTIN LOGINOV
Abstract. In this paper we investigate non-rationality of divisors on 3-fold log
Fano fibrations (X,B) → Z under mild conditions. We show that if D is a
component of B contracted to a point on Z and with coefficient ≥ t > 0 in B,
then D is birational to P1×C where C is a smooth projective curve with gonality
bounded depending only on t. Moreover, if t > 1
2
, then genus of C is bounded
depending only on t.
1. Introduction
We work over an algebraically closed field k of characteristic 0. It is well-known
that a smooth del Pezzo surface, which is automatically rational, can degenerate into
a non-rational singular del Pezzo surface. Indeed, we can pick a smooth hypersurface
in P3 of degree 3 which is a smooth del Pezzo surface degenerating into a cone over an
elliptic curve which is a non-rational singular del Pezzo. This happens because the
degeneration has log canonical (lc) but not Kawamata log terminal (klt) singularities.
The aim of this paper is to investigate the above phenomenon in greater depth.
More precisely, we consider log Fano fibrations from 3-folds and try to understand
how far the components of the special fibres can be from being rational. Unlike the
example above we allow the special fibres to be non-reduced and reducible.
Let f : X → Z be a klt Fano fibration, that is, f is a contraction, X has klt
singularities, and −KX is ample over Z. By contraction we mean a projective
morphism with connected fibres. Let F be a fibre of f (over a closed point) and let
its reduction be Fred with irreducible components Fi. Then Fred is rationally chain
connected; moreover, if F is a general fibre, then F = Fred is rationally connected
[Zh06][HM07]. We then focus on the special fibres and would like to understand
how far the components Fi are from being rational. Since Fred is rationally chain
connected, Fi are uniruled.
In this paper we treat the case when X is a 3-fold and dimZ > 0. So f is either
birational or a conic bundle or a del Pezzo fibration. If Fi is a point, then there is
nothing to say. If Fi is a curve, then it is a rational curve. So we naturally focus
on the case when Fi is a surface in which case Fi is birational to P
1 × Ci for some
smooth projective curve Ci. The question is then how far Ci is from being rational.
One way to measure this is to ask how large the genus of Ci is. Another way is to
ask how large its gonality is.
In the simplest case, that is, when X is smooth (or more generally terminal
Gorenstein) and X → Z is a del Pezzo fibration and F is irreducible, one can
easily show that F , which is automatically reduced in this case, is either rational
or isomorphic to a generalised cone over an elliptic curve (cf. [Lo19, 1.3]). In other
words, F is birational to P1 × C where C is either a smooth rational curve or an
elliptic curve. Moreover, one can describe the local structure of such fibrations in
the neighbourhood of non-rational fibers. It turns out that germs of such fibrations
with very mild singularities and non-rational irreducible special fibre are in one-to-
one correspondence with germs of smooth del Pezzo fibrations that admit an action
of a cyclic group, see [Lo19, 2.4, 3.4]. This shows that the non-rational fibers of
terminal Gorenstein del Pezzo fibrations form a very restricted class. On the other
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hand, if we allow X to have arbitrary klt singularities then both the genus and the
gonality of C may be arbitrarily large, see Example 2.1.
A related problem was treated in [BCDP19]. There the authors considered groups
of birational self-maps of a fixed projective threefold X. More precisely, they studied
the birational type of surfaces contracted by these self-maps. Such surfaces are
birational to P1 × C. It is shown that the genus of C is unbounded if and only if
X is birational to a conic bundle or a fibration whose generic fibre is a del Pezzo
surface of degree 3. Similarly, the gonality of the curve is unbounded if and only if
X is birational to a conic bundle. The following question is proposed in [BCDP19,
4.6]: is there an integer g ≥ 1 such that for each 3-fold Mori fibre space X → Z
onto a smooth curve, a reduced fibre is birational to P1 × C for some curve C
of genus (respectively gonality) ≤ g? Here the authors assume X has at most
terminal Q-factorial singularities (in this paper we work with Mori fibre spaces with
klt singularities, see 3.7).
There are also other ways to measure how far a given algebraic variety is from
being rational, see [BPELU17].
Out first general result concerns the non-rationality of fibres in del Pezzo fibra-
tions.
Theorem 1.1. Fix a positive real number t. Assume that f : X → Z is a klt Fano
fibration where dimX = 3 and dimZ = 1. Assume F is an irreducible fibre and that
(X, tFred) is lc. Then
(i) Fred is birational to P
1×C where C is a smooth projective curve with gonality
gon(C) bounded depending only on t;
(ii) if t > 1
2
, then the genus g(C) is bounded;
(iii) if t = 1, then the genus g(C) ≤ 1.
We will see below in Example 2.1 that without the assumption that (X, tFred) is
lc, both g(C) and gon(C) can be arbitrarily large. In Example 2.3 we see that even
assuming (X, tFred) is lc, g(C) can be arbitrarily large when t ≤
1
2
.
Theorem 1.1 is expected to be especially useful on Fano fibrations with good
singularities. Indeed if X → Z is a Fano fibration from a 3-fold onto a smooth curve
where X has ǫ-lc singularities with ǫ > 0 (e.g., terminal or canonical singularities),
then a conjecture of Shokurov (cf. [B16]) predicts that (X, tF ) is lc for any fibre
F and for some t > 0 depending only on ǫ. In particular, if F is irreducible, then
the above theorem says that in this case (assuming Shokurov’s conjecture) Fred is
birational to P1 × C where C is a smooth projective curve with gonality bounded
depending only on ǫ.
Case (iii) of Theorem 1.1 is much simpler than the other cases. We outline the
proof here. By assumption, t = 1 and that (X,Fred) is lc. Let S be the normalisation
of Fred. By adjunction we can write KS +∆S = (KX + Fred)|S where (S,∆S) is an
lc log Fano pair because −KX is ample over Z and Fred is numerically trivial over
Z as F is irreducible. If (S,∆S) is klt, then S is rational by [Zh06]. Hence we may
assume that this pair is not klt. We have
KS +∆S +H ∼Q 0
for some ample Q-divisor H such that (S,∆S +H) is lc. Thus (S,∆S +H) is an lc
log Calabi-Yau surface pair. The rest of the proof follows from taking a dlt model
and running MMP, see Lemma 4.1.
Theorem 1.1 is a consequence of the next far more general statement in which we
allow the fibres to be non-reduced and reducible, Z can be a curve, a surface, or a
3-fold, and we work with Fano pairs.
A dlt Fano fibration f : (X,B)→ Z consists of a dlt pair (X,B) and a contraction
f : X → Z such that −(KX +B) is ample over Z.
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Theorem 1.2. Fix a positive real number t. Assume that f : (X,B) → Z is a dlt
Fano fibration where dimX = 3 and dimZ ≥ 1. Assume D is a component of B
with coefficient ≥ t contracted to a point on Z. Then
(i) D is birational to P1×C where C is a smooth projective curve with gonality
gon(C) bounded depending only on t;
(ii) if t > 1
2
, then the genus g(C) is bounded depending only on t;
(iii) if t = 1, then g(C) ≤ 1.
We now reformulate the theorem in the language of log Calabi-Yau fibrations (as
in [B18]) which is more convenient for proofs and puts the problems discussed in
this paper in a more general context.
Theorem 1.3. Fix a positive real number t. Assume that (X,B) → Z is a Fano
type log Calabi-Yau fibration where dimX = 3 and dimZ ≥ 1. Assume D is a
component of B with coefficient ≥ t contracted to a point on Z. Then
(i) D is birational to P1×C where C is a smooth projective curve with gonality
gon(C) bounded depending only on t;
(ii) if t > 1
2
, then the genus g(C) is bounded depending only on t;
(iii) if t = 1, then g(C) ≤ 1.
The Fano type property is important, indeed, taking a smooth family of K3
surfaces over a curve one sees that already (i) fails since the fibres in such a family
are not uniruled. However, even without the Fano type property we expect some
nice behaviour of non-rationality, see below for some brief discussions.
An interesting special case of the theorem is when one starts with a klt pair (Z,BZ)
and asks what kind of divisors appear on resolutions of singularities of the pair. More
precisely, suppose φ : W → Z is a log resolution and writeKW+BW = φ
∗(KZ+BZ).
Let D be a prime divisor on W contracted to a point in Z. One can show that D
is uniruled, e.g. by running some MMP over Z, so D is birational to P1 × C where
C is a smooth projective curve. The question as before is whether the gonality of
C (or its genus) is bounded. Theorem 1.3 says that the gonality is bounded if the
coefficient of D in BW is ≥ t for some fixed t > 0 and that the genus is bounded if
the coefficient is > 1
2
. Indeed running a suitable MMP we get a model X → Z on
which B ≥ 0, where B is the pushdown of BW , and D is not contracted over X so
that we can apply the theorem to (X,B)→ Z which is a Fano type log Calabi-Yau
fibration. On the other hand, if the coefficient of D in BW is too small or negative,
then in general the gonality of C is not bounded.
A case that we have not treated in this paper is when we have a global Fano type
3-fold. That is, suppose (X,B) is a Fano type log Calabi-Yau pair of dimension 3
and assume D is a component of B with coefficient ≥ t where t > 0 is fixed. Unlike
in the relative case discussed above, D does not need to be uniruled. But this is
not the end of the story. For example, if X = P3 or any Fano variety in a bounded
family, then D belongs to a bounded family, hence the gonality of D is bounded.
The following general question puts this into perspective.
Question 1.4. Fix a positive real number t > 0 and natural number d. Suppose that
f : (X,B)→ Z is a Fano type log Calabi-Yau fibration where dimX = d. Assume D
is a component of B with coefficient ≥ t contracted to a point on Z. Is is true that
there is a rational map D 99K C where the general fibres are rationally connected
and C is a smooth projective variety with bounded gonality?
As before by gonality of C we mean the least possible degree of dominant rational
maps C 99K PdimC . Without the Fano type assumption the answer to the question is
expected to be negative. For example, it is conjectured that gonality of K3 surfaces
F are not bounded, see Conjecture 4.2 of [BPELU17], but they appear as fibres of
the log Calabi-Yau fibration F ×Z → Z where the morphism is projection and Z is
a smooth curve.
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On the other hand, one may change the question and replace gonality of C with
its covering gonality which is defined to be the least gonality of covering families of
curves on C. The covering gonality of K3 and abelian surfaces are 2 (see [BPELU17]
and the references therein).
Finally, in the question, even if D is not contracted to a point, one expects some
nice properties of the general fibres of D → f(D). A special case of this plays a key
role in our proofs, see 5.3.
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2. Examples
In this section we present several examples to show what happens if we drop some
of the conditions of the main results.
Example 2.1. We present an example to show that Theorem 1.1 fails without the
assumption that (X, tFred) is lc (and similarly Theorem 1.2 fails without assuming
the coefficient of D in B is ≥ t). Let X ′ = P2 × Z → Z where Z is a smooth curve
and the morphism is projection. Let F ′ be a fibre, say over a closed point z. Take
a general ample divisor H ′ ≥ 0 on X ′ not containing F ′ so that H ′|F ′ is a smooth
curve C ′. Consider B′ = aF ′ + bH ′ where a < 1 is close to 1 but b is small so that
a+ b > 1, (X ′, B′) is klt, and −(KX′ +B
′) is ample over Z. The larger degC ′, the
smaller b has to be to ensure −(KX′ +B
′) is ample over Z. Assume X ′′ → X ′ is the
blowup of X ′ along C ′ and F ′′ the exceptional divisor. LetKX′′+B
′′ be the pullback
of KX′ +B
′. Then the coefficient of F ′′ in B′′ is a+ b− 1, hence it is positive. Thus
X ′′ is of Fano type over Z with relative Picard number 2, hence running an MMP
on −F ′′ contracts the birational transform of F ′ and gives a model X/Z of relative
Picard number 1. Therefore, X → Z is a klt Fano fibration as −KX is ample on
the general fibres of X → Z. The klt property follows from the fact that there is
∆′ ≥ B′ such that (X ′,∆′) is klt and KX′ +∆
′ ≡ 0/Z. Let B,F be the pushdown
of B′′, F ′′, respectively. Then the fibre of X → Z over z is just F . By construction,
F is birational to F ′′ which is in turn birational to P1×C ′. However, gonality (and
hence genus) of C ′ is not bounded as degC ′ is not bounded. Note that the larger
degC ′, the smaller b so the smaller is the coefficient of F in B.
Example 2.2. We can construct similar examples with X → Z birational. Indeed
pick a smooth 3-fold Z, let X ′ → Z be the blowup at a smooth point with exceptional
divisor F ′, then blowup a curve in F ′, and continue as in the previous example by
contracting the birational transform of F ′, etc.
Example 2.3. This example shows that if in Theorem 1.1 (and similarly in 1.3
which is a reformulation of 1.2) we take t ≤ 1
2
, then in general we cannot bound the
genus of C although gonality would be bounded. Consider the klt Fano fibration
X ′ = P(1, 1, n) × Z → Z
where Z is a smooth curve, P(1, 1, n) is a weighted projective space, the morphism
is projection, and n ≥ 3. Pick a closed point z ∈ Z and let F ′ be the fibre over z.
There exists a hyperelliptic curve C ′ of genus g = n− 1 sitting in the smooth locus
of the fiber F ′ such that −(KF ′ +
1
2
C ′) is ample (see Example 4.3). Let H ′ be the
pullback of C ′ under the projection X ′ → F ′. Then
(X ′, B′ := F ′ +
1
2
H ′)
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is plt (by applying inversion of adjunction by restricting to F ′) and −(KX′ +B
′) is
ample over Z. Let X ′′ → X ′ be the blowup of X ′ along C ′ with exceptional divisor
F ′′. Let KX′′+B
′′ be the pullback of KX′+B
′. Then the coefficient of F ′′ in B′′ is 1
2
.
Thus X ′′ is a Fano type variety over Z whose fiber over z consists of the exceptional
divisor F ′′ plus the birational transform of F ′. In particular, we can contract the
birational transform of F ′ by running an MMP on −F ′′. We obtain a model X/Z
so that (X, 1/2F ) is lc where F is the pushdown of F ′′; the lc property can be seen
similar to the previous example by taking an appropriate ∆′ ≥ B′. Then X → Z
is a klt Fano fibration. By construction, F is birational to P1 × C ′ where C ′ is a
hyperelliptic curve of genus g = n− 1 which can be arbitrarily large.
3. Preliminaries
We work over an algebraically closed field k of characteristic 0. All the varieties
in this paper are quasi-projective over k unless stated otherwise.
3.1. Contractions. By a contraction we mean a projective morphism f : X → Y
of varieties such that f∗OX = OY . In particular, f is surjective and has connected
fibres. Moreover, if X is normal, then Y is also normal.
3.2. Divisors. Let X be a variety. If D is a prime divisor on birational models of
X whose centre on X is non-empty, then we say D is a prime divisor over X. If X
is normal and M is an R-divisor on X, we let
|M |R = {N ≥ 0 | N ∼R M}.
Recall that N ∼R M means that N −M =
∑
riDiv (αi) for certain real numbers
ri and rational functions αi. When all the ri can be chosen to be rational numbers,
then we write N ∼Q M . We define |M |Q similarly by replacing ∼R with ∼Q.
3.3. Pairs and singularities. A pair (X,B) consists of a normal variety X and a
boundary R-divisor B with coefficients in [0, 1] such that KX + B is R-Cartier. A
pair (X,B) over Z is a pair (X,B) together with a projective morphism X → Z.
Let φ : W → X be a log resolution of (X,B) and let KW + BW = φ
∗(KX + B).
The log discrepancy of a prime divisor D on W with respect to (X,B) is 1−µDBW
and it is denoted by a(D,X,B). We say (X,B) is lc (resp. klt) (resp. ǫ-lc) if
a(D,X,B) is ≥ 0 (resp. > 0)(resp. ≥ ǫ) for every D. Note that if (X,B) is ǫ-lc,
then automatically ǫ ≤ 1 because a(D,X,B) = 1 for almost all D.
A non-klt place of (X,B) is a prime divisor D over X, that is, on birational
models of X, such that a(D,X,B) ≤ 0. A non-klt centre is the image on X of a
non-klt place. Sub-pairs and their singularities are defined similarly by letting the
coefficients of B to be any real number ≤ 1. In this case we similarly have the
notions of sub-lc, sub-klt, etc.
3.4. Minimal model program (MMP). We will use standard results of the min-
imal model program (cf. [KM98][BCHM10]). Assume (X,B) is a pair over Z.
Assume H is an ample/Z R-divisor and that KX +B+H is nef/Z. Suppose (X,B)
is klt or that it is Q-factorial dlt. Then we can run an MMP/Z on KX + B with
scaling of H. If (X,B) is klt and if either KX + B or B is big/Z, then the MMP
terminates [BCHM10]. In this paper we mainly work in dimension 3 in which case
termination is known in full generality for lc pairs.
3.5. Log Fano and log Calabi-Yau pairs. Let (X,B) be an lc pair over Z. We
say (X,B) is log Fano over Z if −(KX + B) is ample over Z. If Z is a point then
(X,B) is called a log Fano pair. In this case if B = 0 then X is called a Fano variety.
We say (X,B) is log Calabi-Yau over Z if KX +B ∼R 0 over Z. If Z is a point then
(X,B) is called a log Calabi-Yau pair.
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3.6. Fano type varieties. A variety X over Z is called of Fano type over Z if there
is a boundary B such that (X,B) is a klt log Fano pair over Z. This is equivalent
to having a boundary B such that (X,B) is a klt log Calabi-Yau pair over Z and B
is big over Z. By [BCHM10], we can run MMP over Z on any R-Cartier R-divisor
M on X and the MMP ends with a minimal model or a Mori fibre space for M .
3.7. Fano fibrations and Mori fibre spaces. A log Fano fibration (X,B) → Z
is a log Fano pair (X,B) over Z such that the underlying morphism X → Z is
a contraction. A klt (resp. dlt) log Fano fibration π : (X,B) → Z is a log Fano
fibration such that (X,B) is klt (resp. dlt).
A log Fano fibration (X,B)→ Z is called a Mori fibre space if
(i) X is Q-factorial,
(ii) dimX > dimZ, and
(iii) the relative Picard number ρ(X/Z) is equal to 1.
3.8. Log Calabi-Yau fibrations. A log Calabi-Yau fibration (X,B)→ Z is an lc
pair (X,B) over Z such that the underlying morphism X → Z is a contraction and
KX +B ∼R 0/Z. If in addition X is of Fano type over X, then we say (X,B)→ Z
is a Fano type log Calabi-Yau fibration.
3.9. Gonality of curves. By gonality of a projective curve C, denoted gon(C), we
mean the smallest natural number r such that the normalisation Cν admits a finite
morphism Cν → P1 of degree r. By definition, gonality is a birational invariant of
projective curves. To give an example, it is well-known that the gonality of a smooth
plane curve of degree d is equal to d− 1 for d ≥ 2 and equal to 1 when d = 1.
4. Dimension two
In this section we prove variants of our main results in dimension two. They are
interesting on their own but also needed to treat the three-dimensional case.
Lemma 4.1. Let (S,∆) be a log Calabi-Yau pair of dimension 2 which is not canon-
ical, that is, it is not 1-lc. Then S is birational to P1 × C where C is a smooth
projective curve with genus g(C) = 0 or 1.
Proof. Replace S with its minimal resolution and replace KS +∆ with its pullback.
Since (S,∆) is not canonical, ∆ 6= 0. Run an MMP on KS which ends with a Mori
fibre space. Replace S with the resulting model so that we can assume that we have
a Mori fibre space structure h : S → Z where ∆ is still not zero. If Z is a point,
then S is a smooth Fano, hence rationally connected so we let C = P1. We can then
assume Z is a curve.
Consider the canonical bundle formula
KS +∆ ∼R h
∗(KZ +∆Z +MZ)
where ∆Z ,MZ are the discriminant and moduli divisors; ∆Z is effective and MZ is
pseudo-effective (cf. Theorem 3.6 of [B19]). Since
deg(KZ +∆Z +MZ) = 0,
we deduce that Z is either P1 or an elliptic curve. Thus in this case taking C = Z,
the claim follows.

The next result is the analogue of Theorem 1.3 in dimension 2. We also allow the
case dimZ = 0 and do not assume Fano type property.
Theorem 4.2. Let u be a positive real number. Let (S,∆)→ Z be a log Calabi-Yau
fibration where S is of dimension 2. Assume that the coefficient of a component D
of ∆ is ≥ u and that D is contracted to a point on Z. Then
(i) the gonality of D is bounded depending only on u,
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(ii) if u > 1
2
, then the genus g(Dν) of the normalisation Dν of D is bounded
depending only on u,
(iii) if u = 1, then g(Dν) ≤ 1,
(iv) if dimZ ≥ 1, then g(Dν) ≤ 1.
Proof. Step 1. Replacing S with the minimal resolution we can assume S is smooth.
The assertion (iii) immediately follows by the adjunction formula
KDν +∆Dν := (KS +∆)|Dν ,
where ∆Dν is the different, and the fact that (KS +∆)|Dν ≡ 0.
Step 2. We prove (iv), that is, assume that dimZ ≥ 1. Since D is contracted to
a point on Z, D2 ≤ 0: this can be seen by taking an effective Cartier divisor L on
Z passing through f(D) and considering (f∗L) ·D = 0. Letting
Γ = ∆+ (1− µD∆)D,
and applying adjunction
KDν + ΓDν := (KS + Γ)|Dν ,
we have ΓDν ≥ 0 and
deg(KDν + ΓDν ) = (KS +∆) ·D + (1− µD∆)D
2 ≤ 0.
This implies that Dν is either a rational curve or an elliptic curve. Note that (S,Γ)
may not be lc but the adjunction formula still makes sense.
Step 3. From now on we assume that dimZ = 0. By assumption ∆ 6= 0, so S is
uniruled. Running an MMP on KS and replacing S with the resulting model we can
assume that we have a Mori fibre space S → V . Note that if the MMP contracts
D, then it is a rational curve and we are done, so we can assume that D is not
contracted. Now S is either P2 or a minimal ruled surface over a smooth curve. If
S = P2, then the degree of D is bounded from above as KS + ∆ ≡ 0 and as the
coefficient of D in ∆ is ≥ u, hence D belongs to a bounded family which implies its
gonality is bounded and that in fact the genus of its normalisation Dν is bounded
as well. So we can assume that S is a minimal ruled surface over V .
Step 4. Denote S → V by h. Consider the canonical bundle formula
KS +∆ ∼R h
∗(KV +∆V +MV )
where ∆V ,MV are the discriminant and moduli divisors; ∆V is effective and MV is
pseudo-effective (cf. Theorem 3.6 of [B19]). Since
deg(KV +∆V +MV ) = 0,
V is either P1 or an elliptic curve.
If D is a fibre of S → V , then it is rational. So we assume D is horizontal over
V . Then the intersection of D with a fibre of h is bounded as KS +∆ ≡ 0 and as
the coefficient of D in ∆ is ≥ u. Thus the induced map D → V has bounded degree
depending only on u, so the gonality of D is bounded depending only on u. We have
then proved (i).
Step 5. It remains to prove (ii), that is, assuming u > 1
2
when S is a minimal
ruled surface over V as in Step 4. In this case the degree of D → V is at most 3.
We can assume this degree is 2 or 3 otherwise D → V is birational in which case
g(Dν) ≤ 1.
Until the end of this step we assume that V is an elliptic curve. We claim that
D2 is bounded from above depending only on u. If D2 ≤ 0, the claim is obvious, so
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assume D2 > 0 which in particular means D is a nef and big divisor. Pick ǫ > 0 so
that u > 1
2
+ ǫ.
Suppose vol(ǫD) = ǫ2D2 > 16. Then we can find 0 ≤ L ∼R ǫD so that letting
Θ := ∆− ǫD + L ∼R ∆,
the pair (S,Θ) is lc but not klt (cf. Lemma 7.1 of [HMX14]). Let T be a non-klt
centre of (S,Θ). Assume T is horizontal over V in which case T is a curve. Then
T = D otherwise if f is a fibre of h, then
Θ · f ≥ ((u− ǫ)D + T ) · f ≥ 2(u− ǫ) + 1 > 2,
contradicting KS +Θ ≡ 0. Applying adjunction by restricting KS + Θ to D
ν as in
Step 1, we see that the genus of Dν is ≤ 1. Now assume T is vertical over V . Then
in the canonical bundle forumula
KS +Θ ∼R h
∗(KV +ΘV +NV ),
we get ΘV ≥ h(T ) (by definition of the discriminant divisor) and degNV ≥ 0,
contradicting the assumption that V is an elliptic curve and that
degKV = deg(KV +ΘV +NV ) = 0.
Therefore, ǫ2D2 ≤ 16, so D2 is bounded from above as claimed.
Now letting
Γ = ∆+ (1− µD∆)D
and applying adjunction
KDν + ΓDν := (KS + Γ)|Dν ,
we have ΓDν ≥ 0 and
deg(KDν + ΓDν ) = (KS +∆) ·D + (1− µD∆)D
2 = (1− µD∆)D
2,
so degKDν is bounded from above, so the genus of D
ν is bounded as required.
Step 6. From now on we assume V = P1. So S is a Hirzebruch surface Fn for
some n ≥ 0, n 6= 1. Hence we have D ∼ as+ bf where a ≥ 2, b ≥ 0, f is a fibre of
h as above, and s is the section of h with s2 = −n. Since KS +∆ ≡ 0, we have
2− ua = −(KS + uD) · f ≥ 0,
and since u > 1
2
, we see that a ≤ 3 (actually a is just the degree of D → V , so it is
2 or 3). Also we can assume D 6= s otherwise D would be a rational curve. Then
D · s = −an+ b ≥ 0,
hence b ≥ an. Moreover,
−KS − uD = 2s+ (2 + n)f − uD ∼Q (2− ua)s + (2 + n− ub)f
is R-linearly equivalent to the effective divisor ∆ − uD. Since the cone of effective
curves on Fn is generated by s and f , this implies that 2−ua ≥ 0 and 2+n−ub ≥ 0.
Thus 2 + n ≥ ub ≥ uan. We obtain 2 ≥ n(ua− 1). Recall that a ≥ 2, u > 1
2
and so
ua− 1 ≥ 2u− 1 > 0. Thus
n ≤ 2/(ua− 1) ≤ 2/(2u − 1)
which bounds n in terms of u. Since ub ≤ 2+n it follows that b is bounded as well.
Hence D belongs to a finite number of algebraic families. In other words, the genus
of its normalisation is bounded.

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Example 4.3. We show that the condition u > 1
2
is important for the second
assertion of Theorem 4.2. Consider the klt surface pair (S, 1
2
C) where S = P(1, 1, n)
for n ≥ 3 and C is a smooth hyperelliptic curve given by the equation z2 = f2n(x, y)
where x, y, z are homogeneous coordinates on S with weights 1, 1, n, respectively, and
the homogeneous polynomial f2n is general and has degree 2n. One has C ∼ 2nh
where h is the positive generator of the class group Cl(S). One easily computes that
g(C) = n− 1, and
−(KS +
1
2
C) ∼ (n+ 2)h− nh = 2h
is ample. In particular, the genus g(C) is not bounded, but the gonality of C is
equal to 2. Take ∆ ≥ 1
2
C so that (S,∆) is lc and KS + ∆ ∼Q 0 and take Z to be
a point. Then (S,∆) → Z is a log Calabi-Yau fibration, C is a component of ∆
with coefficient ≥ 1
2
, and C is obviously contracted to a point on Z. So we see that
Theorem 4.2 does not hold if we remove the condition u > 1
2
.
5. Preparations
In this section we make some preparations towards proving the main results in
dimension 3.
5.1. Dlt models.
Lemma 5.1. Let (X,B) be a Q-factorial lc pair and (Y,BY ) be a Q-factorial dlt
model of (X,B). Then the exceptional locus of Y → X is contained in ⌊BY ⌋.
Proof. Since X is Q-factorial, the exceptional locus of Y → X coincides with the
exceptional part of ⌊BY ⌋: indeed, X being Q-factorial, there is an effective excep-
tional divisor which is anti-ample over X, hence the exceptional locus of Y → X is
equal to the reduced exceptional divisor; on the other hand, each component of the
reduced exceptional divisor is a component of ⌊BY ⌋ by definition of dlt models.

Lemma 5.2. Let f : (X,B) → Z be a Fano type log Calabi-Yau fibration where
dimZ ≥ 1. Assume D is a prime divisor over X such that a(D,X,B) < 1 and
the image of D on Z is a closed point. Then there is a Fano type log Calabi-Yau
fibration (Y,BY )→ Z and a birational map X 99K Y over Z such that
• (Y,BY ) is Q-factorial dlt,
• a(D,Y,BY ) ≤ a(D,X,B), and
• the centre of D on Y is contained in ⌊BY ⌋.
Proof. Note that, as we will see during the proof, BY is not necessarily the birational
transform of B. Replacing (X,B) with a Q-factorial dlt model, we can assume X
is Q-factorial. This preserves the Fano type property by a relative version of [B19,
2.14(7)]. Extracting D we can assume it is a divisor on X with positive coefficient
in B. Since D is contracted to a point z on Z and dimZ ≥ 1, D does not intersect
the general fibres of X → Z. In particular, −D is pseudo-effective over Z as we
can find a Cartier divisor L ≥ 0 on Z such that D + f∗L ≥ 0. Since X is of Fano
type over Z, we can run an MMP on −D over Z which ends with a minimal model
for −D on which the pushdown of −D is semi-ample over Z. The MMP does not
contract D by the negativity lemma. Replacing X with the minimal model we can
assume that −D is semi-ample over Z.
Let s be the lc threshold of D with respect to (X,B). We can find a general
0 ≤ A ∼Q −D/Z, so that (X,B + sD + sA) is lc. Replacing B with B + sD + sA
we can assume D contains an lc centre of (X,B). Thus there is a prime divisor S
over X such that a(S,X,B) = 0 and the centre of S on X is contained in D.
If S is not exceptional over X (i.e. if S = D), let (V,BV ) = (X,B). But if S is
exceptional over X, let W → X be the birational contraction from Q-factorial W
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which contracts S but no other divisors: this exists by [BCHM10, Corollary 1.4.3];
note that W is of Fano type over Z by a relative version of [B19, 2.14(7)]; then let
V be the minimal model of −S over Z (abusing notation we denote the birational
transform of S on V again by S); let KW + BW be the pullback of KX + B and
KV +BV the pushdown of KW+BW . By construction, in any case, S is a component
of ⌊BV ⌋, −S is nef over Z, and V is Q-factorial.
Let T be the centre of D on V . We will show that T is contained in S. As V is
of Fano type over Z, −S is semi-ample over Z defining a contraction g : V →M/Z
where M → Z is birational because S is contracted to the point z in Z so S does
not intersect the general fibres of V → Z. Since S ∼Q 0/M and S is vertical over
M , we have S = g∗E for some effective Q-divisor E on M . Since S is irreducible,
E is also irreducible. Moreover, E is anti-ample over Z, hence its support contains
the exceptional locus of M → Z. Thus since E is contracted to z, the support of
E is equal to the inverse image of z under the map M → Z. By assumption, T is
mapped to z by V → Z. Thus T is mapped into E by V →M which in turn implies
that T is contained in S = g∗E.
Let (Y,BY ) be a Q-factorial dlt model of (V,BV ). By construction,
a(D,Y,BY ) = a(D,V,BV ) = a(D,W,BW ) = a(D,X,B) < 1.
Recall that we increased B in the above arguments, so the current a(D,X,B) is less
than or equal to the original log discrepancy a(D,X,B) we started with. It remains
to show that the centre of D on Y is contained in ⌊BY ⌋.
If Y → V is an isomorphism over the generic point of T , then the centre of D
on Y is contained in ⌊BY ⌋ since T is contained in S. But if Y → V is not an
isomorphism over the generic point of T , then the centre of D on Y is contained in
the exceptional locus of Y → V , hence it is contained in ⌊BY ⌋ as V is Q-factorial,
by Lemma 5.1.

5.2. Divisors over dlt pairs. The next lemma is crucial for the proofs of the main
results.
Lemma 5.3. Let s ∈ [0, 1) be a real number. Assume that
• (Y,B) is a Q-factorial dlt pair of dimension 3,
• E is a prime divisor over Y with centre T which is a curve,
• T is contained in ⌊B⌋,
• the log discrepancy a(E,Y,B) ≤ s.
Then there exists a modification φ : Y ′ → Y such that
• Y ′ is Q-factorial and ρ(Y ′/Y ) = 1,
• the only φ-exceptional divisor is E,
• the number of components in the general fibre of E → T is bounded depend-
ing only on s,
• if s < 1/2, then the general fibre of E → T is irreducible.
Proof. Increasing s slightly we can assume a(E,Y,B) < s. Since (Y,B) is Q-factorial
dlt, one has that (Y, 0) is klt. Moreover, by assumption T is contained in some
component B1 of ⌊B⌋, so perturbing the coefficients of B in components other than
B1 we can assume (X,B) is plt. Existence of a modification φ : Y
′ → Y , with the
first two properties follows from [BCHM10, Corollary 1.4.3]. In particular, the Q-
factoriality assumption ensures that the exceptional locus of φ is exactly E, i.e. no
curves outside E are contracted.
Let us prove that the third property holds. Let x be a general point on T . The
fibre of E → T over x which is the same as the fibre of Y ′ → Y over x, say Ex, is
rationally chain connected by [HM07] because Y ′ is of Fano type over Y as (Y,B) is
plt. Let Ex = E1 + . . . + EM be a decomposition of Ex into the sum of irreducible
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components. We will show that M is bounded. Since ρ(Y ′/Y ) = 1 and since B1
contains T , the strict transform B′1 of B1 is ample over Y . Hence B
′
1 intersects each
Ei.
Both B1 and B
′
1 are normal by the plt property. Thus the morphism B
′
1 → B1 is
a birational contraction (by Zariski’s main theorem). In particular, B′1 → B1 is an
isomorphism over the generic point of T . Since B′1 intersects every fibre of E → T ,
E ∩B′1 maps onto T . Thus there is a unique component D of E ∩B
′
1 such that the
map D → T is birational. In particular, since x is general, Ex ∩D is a single point,
say x′. Moreover, Ex ∩D = Ex ∩B
′
1. Therefore, since B
′
1 intersects each Ei, we see
that the set-theoretic intersection Ei ∩ B
′
1 consists of exactly x
′ for each Ei, so all
the components Ei of the fibre Ex pass through x
′.
Consider a general hyperplane section H on Y and its preimage H ′ on Y ′. Clearly,
H,H ′ are normal. Apply adjunction to get
KH +BH = (KY +B +H) |H
and
KH′ +BH′ =
(
KY ′ +B
′ +H ′
)
|H′
where KY ′ + B
′ is the pullback of KY + B. The pairs (H,BH) and (H
′, BH′) are
dlt and
KH′ +BH′ = φ|
∗
H′ (KH +BH) .
We may assume that x ∈ H and hence x′ ∈ H ′. Then over a neighbourhood of x
we have
E ∩H ′ = Ex = E1 + . . . + EM .
Thus each Ei is a component of BH′ with coefficient > 1 − s > 0: indeed, the
coefficient of Ei is at least 1−
1
n
+ e
n
where n is the Cartier index of KY ′ +H
′ along
Ei and e is the coefficient of E in B
′ +H ′ (see 3.9 and 3.10 of [Sh92]). But
1−
1
n
+
e
n
≥ e = 1− a(E,Y,B) > 1− s > 0.
On the other hand, B′1∩H
′ gives a component of BH′ with coefficient 1 and distinct
from each Ei. This component passes through x
′ because
x′ ∈ B′1 ∩ Ex ⊂ B
′
1 ∩H
′.
We have shown that BH′ has a component R
′ with coefficient 1 andM components
with coefficient > 1− s all passing through x′. But then applying adjunction
KR′ +BR′ = (KH′ +BH′)|R′
and the fact that (R′, BR′) is lc shows that M(1 − s) < 1 which implies that M is
bounded depending only on s. If s < 1
2
, then 1− s > 1
2
, so M = 1.

5.3. An MMP over a pair. Fix a positive real number t. Let (Y,BY ) be a
Q-factorial dlt pair. Assume D is an exceptional prime divisor over Y such that
a(D,Y,BY ) ≤ 1− t. We will find
• a log smooth pair (V,Γ) over Y where every prime exceptional divisor of
V → Y is a component of ⌊Γ⌋, and the centre of D on V is a divisor (so it
is the birational transform of D) hence this centre is a component of ⌊Γ⌋,
• an MMP
V = V1 99K V2 99K · · · 99K VN = Y
on KV + Γ over Y ,
• 0 < u < t depending only on t such that for each k,
a(D,Vk,Γk) ≤ a(D,Y, (1 − ǫ)BY ) < 1− u
where Γk is the pushdown of Γ and 0 < ǫ≪ 1, and
• in addition, if t > 1/2, we can assume u > 1/2.
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Let ψ : V → Y be a log resolution of (Y,BY ) on which D is a divisor. Define
Γ = (1− ǫ)B∼Y +
∑
Ei.
for some 0 < ǫ ≪ 1 where B∼
Y
is the birational transform of BY and Ei are the
exceptional prime divisors of ψ.
The pair (Y, (1 − ǫ)BY ) is klt. Thus we can write
KV + (1− ǫ)B
∼
Y = ψ
∗(KY + (1− ǫ)BY ) +
∑
aiEi
where ai > −1. Then
KV + Γ = KV + (1− ǫ)B
∼
Y +
∑
Ei
= KV + (1− ǫ)B
∼
Y −
∑
aiEi +
∑
(1 + ai)Ei
= ψ∗ (KY + (1− ǫ)BY ) +
∑
(1 + ai)Ei.
(5.4)
Run the (KV +Γ)-MMP over Y . This terminates with Y , by Theorem 1.8 of [B12],
since Y is Q-factorial and since
∑
(1 + ai)Ei is effective and its support is equal to
the reduced exceptional divisor of ψ. Let the steps of the MMP be Vk 99K Vk+1
where V1 = V and VN = Y . We can ensure that there is 0 < u < t depending only
on t such that for each k,
a(D,Vk,Γk) ≤ a(D,Y, (1 − ǫ)BY ) < 1− u
where Γk is the pushdown of Γ: the first inequality follows from the definition of Γ
and the formula 5.4. The second inequality follows from the assumption that ǫ is
sufficiently small (note that ǫ depends on the pair (Y,BY )). In addition, if t > 1/2,
we can assume u > 1/2.
6. Proof of main results
In this section we prove our main results in dimension 3.
Proof. (of Theorem 1.3) Step 1. First we prove (iii), that is, assume t = 1. Let S be
the normalisation of D. By adjunction we can write KS +BS = (KX +B)|S where
(S,BS) is an lc pair. Since (X,B)→ Z is a log Calabi-Yau fibration and since D is
contracted to a point on Z, KS + BS ∼R 0. Thus (S,BS) is log Calabi-Yau of di-
mension 2. Since X is of Fano type over Z, its fibres are rationally chain connected
[HM07], hence D is uniruled which in turn means S is uniruled (note that since
dimZ ≥ 1, D is a component of a fibre of X → Z). This implies that (S,BS) is not
canonical, that is, it is not 1-lc: indeed take the minimal resolution π : S′ → S and
let KS′ +BS′ = π
∗(KS +BS); if (S,BS) is canonical, then BS′ = 0, hence KS′ ∼Q 0
contradicting the fact that S is uniruled. Now applying Lemma 4.1 we deduce that
S (hence D) is birational to P1×C where C is a smooth projective of genus ≤ 1. It
remains to prove (i) and (ii).
Step 2. By assumption,
a(D,X,B) = 1− µDB ≤ 1− t < 1.
Applying Lemma 5.2, there is a Fano type log Calabi-Yau fibration (Y,BY ) → Z
and a birational map X 99K Y such that
• (Y,BY ) is Q-factorial dlt,
• a(D,Y,BY ) ≤ a(D,X,B), and
• the centre of D on Y , say T , is contained in ⌊BY ⌋.
In particular, a(D,Y,BY ) ≤ 1− t.
Assume dimT = 2. Then T is the birational transform of D and T is a com-
ponent of ⌊BY ⌋. Applying (iii) to (Y,BY ) → Z, we deduce that D is birational to
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P1×C where C is a smooth projective curve of genus ≤ 1. So we are done in this case.
Step 3. Assume dimT = 1. Applying Lemma 5.3 to (Y,BY ), E := D, and
s := 1− t, there exists a modification φ : Y ′ → Y such that
• Y ′ is Q-factorial and ρ(Y ′/Y ) = 1,
• the only φ-exceptional divisor is E which is the birational transform of D,
• the number of components in the general fibre of E → T is bounded de-
pending only on 1− t,
• if 1−t < 1/2, that is, if t > 1
2
, then the general fibre of E → T is irreducible.
Consider the normalisation Eν of E and the Stein factorisation Eν → C → T .
Then the general fibres of Eν → C are P1 because the fibres of E → T are rationally
chain connected. So Eν is birational to P1 ×C which means D is also birational to
P1 × C. Moreover, the degree of C → T is equal to the number of components of
the general fibres of Eν → T which is in turn equal to the number of components
of the general fibres of E → T because Eν → E is an isomorphism over the generic
point of any component of a general fibre of E → T . Thus the degree of C → T
is bounded depending only on t, and if t > 1
2
, then this degree is 1, that is, in this
case C → T is birational. Therefore, to finish the proof in the case dimT = 1 we
only need to show that the gonality of T is bounded depending only on t, and in
case t > 1
2
the genus of the normalisation of T is bounded.
By construction, T is contained in some component of ⌊BY ⌋, say S. Let S →
R→ Z be the Stein factorisation of S → Z. By adjunction, we can write KS+BS =
(KY +BY )|S where (S,BS) is an lc pair which is log Calabi-Yau over R. We claim
that the coefficient of T in BS is ≥ t. Consider the birational transform S
′ on Y ′
and then consider the adjunction KS′ +BS′ = (KY ′ +BY ′)|S where KY ′ +BY ′ is the
pullback of KY + BY (note that S
′ is normal as it is easy to check that (Y ′, S′) is
plt). Then BS is the pushdown of BS′ . Since S
′ is ample over Y , it intersects every
fibres of E → T , so there is a component T ′ of S′ ∩ E which maps onto T . Since
the coefficient of E in BY ′ is more than or equal to the coefficient of D in B which
is ≥ t, we see that the coefficient of T ′ in BS′ is at least 1 −
1
n
+ t
n
where n is the
Cartier index of KY ′ + S
′ along T ′ (see 3.9 and 3.10 of [Sh92]). But 1− 1
n
+ t
n
≥ t,
hence the coefficient of T ′ in BS′ is ≥ t which means the the coefficient of T in BS
is ≥ t.
Since D is contracted to a point on Z, we deduce that T is contracted to a point
on R. Applying Theorem 4.2 to (S,BS) → R, we deduce that the gonality of T is
bounded depending only on t, and in case t > 1
2
, the genus of the normalisation of
T is bounded.
Step 4. It remains to treat the case dimT = 0. By subsection 5.3 applied to
(Y,BY ),D, there exist
• a log smooth pair (V,Γ) over Y where every prime exceptional divisor of
V → Y is a component of ⌊Γ⌋, and the centre of D on V is a divisor (so it
is the birational transform of D) hence this centre is a component of ⌊Γ⌋,
• an MMP
V = V1 99K V2 99K · · · 99K VN = Y
on KV + Γ over Y ,
• 0 < u < t depending only on t such that for each k,
a(D,Vk,Γk) ≤ a(D,Y, (1 − ǫ)BY ) < 1− u
where Γk is the pushdown of Γ and 0 < ǫ≪ 1, and
• in addition, if t > 1/2, we can assume u > 1/2.
We will denote the centre of D on Vk by Tk. Then T1 is a divisor, the birational
transform of D, which is a component of ⌊Γ1⌋ and T = TN is a point.
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The steps of the MMP are divisorial contractions or flips. In step k, Tk may or
may not be contained in the indeterminancy locus of Vk 99K Vk+1, and if it is con-
tained in this locus there are several possibilities for the induced map Tk → Tk+1,
e.g. it maybe contraction to a point or it maybe a finite morphism. For the rest of
the proof we try to understand these possibilities.
Step 5. Assume that dimTk = 2 and dimTk+1 = 0, for some k. Then Tk is a
component of Γk with coefficient 1 and −(KVk +Γk) is ample over Vk+1, so applying
adjunction we deduce that Tk is of Fano type hence it is a rationally connected
surface, so D is rational in which case we take C = P1.
We can then assume that dimTk = 1 for some k because T1 being a surface, we
can assume that it is contracted to a curve at some step in view of the previous
paragraph. Let l be the largest number such that dimTl ≥ 1, Vl 99K Vl+1 is a
divisorial contraction, say contracting a divisor R, and Tl ⊂ R.
We claim that Tl+1 is either a point or a rational curve. This is obvious if
dimTl+1 = 0, so we can assume dimTl+1 = 1. Then Vl+1 99K VN is not an iso-
morphism near the generic point of Tl+1 because Tl+1 is a curve while TN is a point.
There is k ≥ l+1 such that Vl+1 99K Vk is an isomorphism near the generic point of
Tl+1 but Vl+1 99K Vk+1 is not. In particular, this means that Tk is contained in the
indeterminancy locus of Vk 99K Vk+1. Thus, by our choice of l, Vk 99K Vk+1 cannot
be a divisorial contraction because dimTk = 1. Therefore, Vk 99K Vk+1 is a flip and
Tk is a component of the exceptional locus of the corresponding flipping contraction.
But then Tk is a rational curve by a variant of the cone theorem [Sh96], or by [HM07]
noting that Tk is a component of some fibre of the flipping contraction, hence Tl+1
is also a rational curve because Vl+1 99K Vk induces a birational map Tl+1 99K Tk.
Step 6. Assume that dimTl = 2. Then Tl = R is the exceptional divisor of
Vl 99K Vl+1 and it is a component of ⌊Γl⌋. By the previous step, Tl+1 is either a
point or a rational curve. If it is a point, then Tl is rationally connected by the
previous step and we can take C = P1. If it is a curve, then the general fibres of
Tl → Tl+1 are P
1 as −(KVl +Γl) is ample over Vl+1 which implies Tl is of Fano type
over Tl+1, hence again Tl is rationally connected and we are done by taking C = P
1
(note that here we are using the fact that Tl → Tl+1 is a contraction which follows
from the facts that Vl → Vl+1 is a contraction and that Tl is the exceptional locus).
Step 7. We then assume that dimTl = 1. We claim that the gonality of Tl
is bounded, and if t > 1
2
, the genus of the normalisation of Tl is bounded. By
assumption, Tl is contained in the exceptional divisor R which is a component of Γl
with coefficient 1. Since −(KVl + Γl) is ample over Vl+1, there is Θ ≥ Γl such that
(Vl,Θ) is dlt and KVl + Θ ∼R 0/Vl+1. Let M be the normalisation of the image of
R in Vl+1. Then R→M is a contraction. Applying adjunction
KR +ΘR := (KVl +Θ)|R ∼R 0/M,
so (R,ΘR)→M is a log Calabi-Yau fibration. Moreover, since
a(D,Vl,Θ) ≤ a(D,Vl,Γl) < 1− u,
the coefficient of Tl in ΘR is > u (this can be seen similar to Step 3 by extracting D
via an extremal contraction V ′
l
→ Vl and by restricting to the birational transform
of R on V ′
l
). Now if Tl is contracted to a point on M , then we can apply Theorem
4.2 to deduce that the gonality of Tl is bounded, and in case u >
1
2
, the genus of the
normalisation of Tl is bounded.
Step 8. It remains to treat the case dimTl = dimTl+1 = 1. In this case, Tl+1 is the
image of R in Vl+1, hence M is the normalisation of Tl+1. Since (R,ΘR)→ M is a
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log Calabi-Yau fibration and since Tl is horizontal over Tl+1, taking the intersection
number of ΘR > uTl with the general fibres G of R→M we see that uTl ·G < 2, so
the degree of Tl →M is bounded, hence the gonality of Tl is bounded as claimed.
From now on we assume t > 1
2
in which case u > 1
2
. We prove that in this case
the morphism Tl → Tl+1 is in fact birational. Since Tl+1 is a curve but TN is a
point, Tl+1 is contained in the exceptional locus of Vl+1 → Y . Moreover, since Y
is Q-factorial, the exceptional locus is the union of the prime exceptional divisors,
hence Tl+1 is contained in some exceptional prime divisor of Vl+1 → Y , say S. By
construction of the MMP in Step 4, ρ(Vl/Vl+1) = 1 and S is a component of ⌊Γl+1⌋.
Let S′ on Vl be the birational transform of S. It follows that S
′ is ample over Vl+1
and hence it intersects each fibre of the contraction Vl → Vl+1. Then S
′|R gives a
component J of ΘR with coefficient 1 which maps onto Tl+1.
Assume J 6= Tl. Noting that ΘR ≥ J + uTl and that u >
1
2
, and then considering
the intersection numbers
2 = −KR ·G = ΘR ·G ≥ (J + uTl) ·G
where G is a general fibre of R → M , we see that Tl · G = 1 as J · G ≥ 1. We
conclude that the degree of Tl → Tl+1 is 1. In other words, Tl → Tl+1 is birational,
and hence Tl is a rational curve as Tl+1 is a rational curve.
Now assume J = Tl. Applying adjunction KR+ΓR := (KVl+Γl)|R, the coefficient
of Tl in ΓR is 1 because Γl ≥ R + S
′ and J = Tl is a component of S
′|R. Since
−(KVl + Γl) is ample over Vl+1, we see that
−2 + Tl ·G = (KR + Tl) ·G ≤ (KR + ΓR) ·G < 0,
hence Tl · G = 1 which again means that Tl → Tl+1 is birational and that Tl is a
rational curve.

Proof. (of Theorem 1.2) Since (X,B) is dlt and −(KX +B) is ample over Z, there
is ∆ ≥ B such that (X,∆) → Z is a log Calabi-Yau fibration. In view of Theorem
1.3, it is enough to show that X is of Fano type over Z.
Since (X,B) is dlt, by definition, there is a non-empty open subset U ⊂ X such
that (U,B|U ) is log smooth and U contains all the non-klt centres of (X,B). Pick
a Cartier divisor A such that OX(A) is an ample invertible sheaf on X (not just
relatively over Z). Then OX(⌊B⌋+mA) is generated by global sections for m≫ 0.
In particular, if m is large enough, then for each x ∈ U , there is a section of
OX(⌊B⌋+mA) not vanishing at x because X is smooth at x so ⌊B⌋+mA is Cartier
at x. Then the zero divisor of this section gives a divisor 0 ≤ N ∼ ⌊B⌋ +mA not
passing through x. Therefore, there is a general 0 ≤M ∼ ⌊B⌋+mA not containing
any non-klt centre of (X,B).
With A,m,M as above, let ǫ > 0 be a sufficiently small number, and let
Γ = B − ǫ ⌊B⌋+ ǫM.
Then (X,Γ) is klt as can be seen by taking a log resolution: indeed, let W → X
be a log resolution and let KW +BW , LW be the pullback of KX +B,−⌊B⌋+M ,
respectively. Then the pullback of KX + Γ is KW + BW + ǫLW . Since ǫ is small,
any component D of BW + ǫLW with coefficient ≥ 1 is a component of BW with
coefficient 1. Thus the centre of D on X, say V , is a non-klt centre of (X,B), so it is
not contained in M . But then V |U should be a non-klt centre of (U, (B − ǫ ⌊B⌋)|U )
which is not possible.
On the other hand, we can make sure that
−(KX + Γ) = −(KX +B − ǫ ⌊B⌋+ ǫM) ∼Q −(KX +B + ǫmA)
is ample over Z by taking ǫ to be small enough. Therefore, X is of Fano type over
Z as desired.

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Proof. (of Theorem 1.1) This follows from Theorem 1.2. 
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